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Geometry and Material

Properties

The three cross sections considered
are shown in figure 1.

Closed-Form Solutions

The theory of pure torsion defines the
(torsional) stiffness of a beam of
length, L, as the torque, T, divided by
the relative rotation, 0, of the two
ends of the beam measured in
radians:
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where G is the shear modulus and J is
the polar second moment of area of
the cross section. The stiffnesses
(reported in this article in kNm/rad)
for the three beams defined above
may be calculated, [2], and the
values are 3293, 2269 and 16.6
respectively for the circular,
rectangular and ‘I" section beams.

Boundary Conditions

For pure torsion the end sections of
the member, where the torque is
transferred in and out of the member,
are assumed to rotate such that the
tangential displacement is
proportional to the distance from the
axis of rotation. The axial
displacement at the end sections
depends on the warping restraint:

1) Free Condition - nodes on
the end sections are free to
move independently in the
axial direction.

2) Restrained Condition -
nodes on the end section
remain in the same plane
which is free to translate
axially (although as a result
of symmetry this translation
will be zero).

To implement these kinematic
conditions one first needs to
recognise that nodes of solid
elements possess only translational
freedoms. In order to transfer
rotation one needs to introduce
nodes with rotational freedoms and
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Elastic (Young's) Modulus = 205GPa, Poisson’s Ratio=0.3

eam Length = 0.5m, End Plate Thickness = 35mm (additional to beam length) Flange Thickness = 12mm

Figure 1: Cross Sectional and other Geometric and Material Properties
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Figure 2: Boundary Conditions

the simplest way to do this is to add a beam element extending each end section outwards
and lying on the centroidal axis of the member.

The nodes at the ends of the beam lying in the plane of the end sections are created distinct
from the nodes of the solid model and coupled using the CERIG function in ANSYS. In this
manner the correct constraint equations are written between the freedoms of the beam
element (master) node (including rotations) and the translations of the slave nodes on the
end plane of the solid model. The model also needs single point constraints to remove any
rigid-body motions and to deal with the incomplete coupling. The model is driven with a
1kNm torque applied to the node at the left-hand end of the left-hand beam. The boundary
conditions are illustrated in figure 2.

Finite Element Models

Solid models were constructed using twenty-node SOLID186 reduced integration brick
elements and the level of mesh refinement is indicated in figure 3. For the beam models
meshes of BEAM188 elements were used with default Key Options. The number of elements
used for the main member was 100 and 20 elements were used for each end plate. The
section properties of the beam were defined as per figure 1 with a step transition in
properties at the junction between ‘I' beam and end plates. These models have been verified
in terms of mesh convergence to produce stiffness values within 1% of the converged value

[31.

Results for Solid Models

Table 1 illustrates, qualitatively, what an engineer already knows namely that axisymmetric
sections (circular) do not warp, closed-sections (rectangular) do warp but that the degree of
warping is significantly less than open-sections (‘I sections). The values for free warping
agree well (exactly for the circular and rectangular sections) with the closed-form values
already presented.



Shape Type Free Restrained % Increase
Circular Axisymmetric 3293 3293 0.0
Rectangular Closed 2270 2338 3.0
‘I Section Open 16 87 451.8

Table 1: Stiffnesses for Three Sections

Given the degree to which restraining the warping of the ‘I beam increases the
stiffness it is not surprising to see (table 2) that the addition of integral end
plates will have a similar but partial effect and for this example the stiffness is
increased by a factor of nearly three over the standard ‘I beam.

End Plates Free Restrained % Increase
No 16 87 451.8
Yes 58 72 24.2

Table 2: Stiffnesses for ‘I Section with and without End Plates

Figure 4 shows contours of axial displacement together with the maximum
axial displacement in micrometers rounded up to the nearest whole value.
Symmetric contour ranges were chosen with red indicating +ve displacement
and blue -ve displacements. For the uniform members (those without end
plates) with unrestrained warping the axial displacement is invariant with
axial position and show the classical warping distribution with opposite signs
at adjacent corners of the section. When warping is restrained, away from the

ends of the member warping still occurs but has to transition to zero at the
ends of the member.

Figure 3: Solid Finite Element Models
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Figure 4: Contour Plots of Axial Displacement (maximum values in pm)
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Figure 5: BEAM188 Key Options




Results for Beam Models

BEAM188 has two formulations; one which
does not explicitly include warping and one
which does. For the formulation that
includes warping an additional warping
freedom is added to each node. An extract
from the ANSYS Help Manual is shown in
figure 5 together with the corresponding
dialogue box for setting the element’s Key
Options.

To aid understanding of the beam
formulation the following definitions are
adopted:

K0(1)=0
- standard (default) formulation without
warping freedoms

K0(1)=1
- formulation with warping freedoms:

For KO(1)=1 the nodes have additional

warping freedoms which may be unrestrained

or restrained:

KO(1)=1f
- formulation with warping freedom
unrestrained

KO(1)=1r
- formulation with warping freedom
restrained at the ends of the model

The default formulation in ANSYS is KO(1)=0 but for beam sections that are
deemed open ANSYS provides a warning that the user should consider using
KO(1)=1 presumably with appropriate constraining of the warping freedom.
Table 3 lists the stiffnesses for the beams with the figure in brackets being the
percentage increase over the values obtained for the corresponding solid
model.

Shape Free KO(1)=0 & KO{1)=1f Restrained KO{0)=1r % Increase
Circular 3286 (0) 3319 (1) 1.0
Rectangular 2308 (2) 2422 (4) 5.0
‘I Section 17 (5) 89 (3) 439.8

Table 3: Stiffnesses for Three Sections (Beam Elements)

Whilst there is a difference between the stiffnesses of the beam and solid
models, with the beam models tending to be stiffer than the solid model, the
results are consistent and, with no greater than a 5% difference can be,
considered to be a reasonable engineering approximation.

The results for KO(1)=0 and KO(1)=1f are identical and this reminds us that the
formulation without explicit warping (KO(1)=0) actually models free warping.
It is also seen that the ANSYS dialogue box is misleading since with KO(1)=1
the warping remains unrestrained until the user changes the default free
warping freedoms.

The results for the ‘T" section are compared in table 4. Again the numbers in
brackets are the percentage change in stiffness compared with the solid model.
Note, however, that for the beam with end plates the beam model is now less
stiff than the solid model.

End Plates Free KO{1)=0 Free KO{1}=1f Restrained KO{1)=1r
No 17 (5) 17 (5) 89 (3)
Yes 17 (-241) 57 (-2) 60 (-20)

Table 4: Stiffnesses for ‘I Section with and without End Plates (Beam Elements)
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Figure 6: Summary of Stiffnesses for the ‘I" Section



‘ ‘Whilst there 1s a difference between
the stiffnesses of the beam and solid
models.... the results are consistent , ,




