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Edward Maunder
* My background

 IC talk by Prof B M Frae1js de Veubeke on equilibrium

* Design experience

* Tower 42 RC design - details of reinforcement from CFE
output — a precursor of Sleipner?

» Teaching/research at Exeter University
* CFE with warnings about “lack of equilibrium”

 Slerpner (1992)

* Equilibrium research with John Robinson, Angus, and IST
Lisbon

* RMA
* The BOOK
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The Book!

Implementation and references

A theoretical exposition for
academics and engineers.

Wiley 2017

To try “academic”™
software, contact:

moitinho@civil.ist.utl.pt

EQUILIBRIUM
FINITE ELEMENT
FORMULATIONS

JP. MOITINHO DE ALMEIDA AND EDWARD A. W. MAUNDER
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Recent Projects at RMA

Mass Accumulation in Modal Analysis

Mode 15 (76% of mass in Z direction) Mode 16 (61% of mass in X direction) Mode 18 (50% of mass in Y direction) Mode 24 {16% of mass in X direction)

Hoop Stress N von Mises stress at burst
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Recent Projects at RMA

Structural Assessment under Wind and Impact Loading

£ 449.59
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hyf2 =3.94/3=197m a ’1
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¢ =1.25m J i ey e
>
VE =160 -
F, =163N Ry

1594Pa 1560Pa

Study of Femur/Implant Mechanics

Solid model of Pelvis & Femur FE model ready for adding Implant
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Recent Projects at RMA
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Macro/Microscopic forms of Equilibrium

» Sir Christopher Wren (1660s)

* The design must be regulated by the art of staticks,
or invention of the centers of gravity, and the duly
poising of all parts to equiponderate; without which,
a fine design will fail and prove abortive. Hence |
conclude, that all designs must, in the first place, be
brought to this test, or rejected.

Cauchy 1823 - Differential Equation of Equilibrium of a Continuum
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Current Project at RMA
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FE Malpractice?

No. of Nodes

158431

No. of Nodes

444

No. of Elements

78141

No. of Elements

145
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Codes of Practice

SLS Conditions — limits on maximum deflection and possibly stress to keep within
the fatigue limit of the material.

ULS Conditions — limits on load to avoid collapse (elastic and/or plastic). Often
undertaken member by member.

Utilisation = Demand/Capacity (Partial Factors on both Demand and Capacity).
Should be less than unity.

Some structures governed by SLS others by ULS BUT generally the engineer
should consider both conditions.

Structural demand comes from analysis in terms of stress resultants.

CFE can provide good and continuous displacements but generally rather poor
stresses unless sufficient mesh refinement is conducted. But how much is
sufficient?
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CFE Elements — the Status Quo
Low Fidelity:

Order | Displacement| Stress
Lower Linear Constant
Higher | Quadratic Linear
Can you think of many practical problems where linear stresses represent the exact solution?!

Hence the Basic Mesh (that mesh required to capture the geometry alone) is not normally
sufficient for accurate strength predictions.

100

0.01

Relative Error in Stresses (Percentage)

—&—Bending (eight-noded)

~@=Shear (eight-noded)
0.001 )

—@—Bending (four-noded)

—@—shear (four-noded)

0.0001
1 2 4 8 16 32 64

Number of Elements/Edge

The results from CFE models can leave the practising engineer in a predicament!
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Nature of FE Approximation for Pure FEs (CFE and EFE)

Statics

The Conforming Finite Element (CFE) formulation

J !
uzes gusumed displacement fields that are
Force Equilibrium Stress limplicitly) compatible.

in equilibrium with the applied body forces and equilibrium in a weak sense: they are not in
adge tractions that equilibrate with the static equilibrium with the body forces and do not have
tractions that equilibrate with the static boundary
conditions and are not continuous between
elements.

boundary conditions and are continuous

The constitutive relations are satisfied exactly,

The Eguilibrivm  Finite Element [EFE)
forrmulation uses assumed stress fields that are g The finite elerment stresses generally only satisfy

—

|

=

B

=
between elements. S

The conatitutive relations are satisfied exactly.

Kinematic boundary conditions are satisfied E :
exactly but compatibility is only satisfied in a Strain cﬂmpﬂtlblllw DIEP|EEEI‘I’IEI’I"

wesk sense which leads to edge displacements
not generally being continuous, i

Kinematics

http://www.ramsay-maunder.co.uk/knowledge-base/publications/what-is-equilibrium-finite-element-analysis/

Copyright Ramsay Maunder Associates (2004-2018)



Nature of FE Approximation for Pure FEs (CFE and EFE)
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Nu=0.3 X
encastre
p=0, 4 elements
Displacement (mm) Normal (MN) Tangential (MN) Moment (MNm)
Left  Right Left Right Left Right
EFE (p=1) -3.58 0 0 40 40 200 200
CFE (four-noded) -2.56 27.1 19.7 14.5 80.0 200.2 62.8
CFE (eight-noded) -3.48 0.0 0.0 39.5 389 205.2 2207
‘Exact’ -3.54 0 0 40 40 200 200

http://www.ramsay-maunder.co.uk/knowledge-base/publications/what-is-equilibrium-finite-element-analysis/
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Equilibrating Tractions on a Model Section

Hormal stress distribution
Tangential stress distnbution

Hverage normal strass

Moded boundary coloured
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EFEs — Particular and Hyperstatic Stress Fields
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K& — Kinematically Admissible

http://www.ramsay-maunder.co.uk/knowledge-base/glossary/hyperstatic-stress-fields/

BASIC MODE 2

HIGHER ORDER

BASIC MODE 3 MODE (1 OF 4)
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(a) SELF STRESSING MODES

http://www.ramsay-maunder.co.uk/knowledge-base/thesesdissertations/doctoral-thesis/
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EFEs — Limit Analysis/Design

(a) CFE({d = 4.21) (b) EFE (A = 4.20)

http://www.ramsay-maunder.co.uk/knowledge-base/publications/yield-line-analysis-of-reinforced-concrete-slabs-is-the-10-rule-safe/
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http://www.ramsay-maunder.co.uk/knowledge-base/publications/equilibrium-finite-elements-for-rc-design/
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Closure

We (RMA et al) believe that EFEs have a useful role to play in practical engineering analysis:

Essential for understanding how a structure works (load path, trajectories)

Essential for safe design (avoidance of, for example, Sleipner)

Essential for error estimation in CFE models (V&V with the current status quo)
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