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SUMMARY 

A new quadrilateral equilibrium element with quadratic stress fields is described for planar stress problems. The 

element is formulated as a superelement composed of four triangles using a force method which resolves the question of 

spurious kinematic modes. Numerical results for the single element are presented from an initial investigation aimed at 

determining the optimum internal arrangement. 

 

1.  INTRODUCTION 

Stress based equilibrium elements have long had their exponents [1,2,3,4,5] with the aim of enabling dual analyses to be 

made. While this is still desirable, the demand for such elements now extends to error estimators [6,7] and limit 

analyses [8,9]. Part of the challenge of this type of element is that greater ingenuity is generally required for element 

formulation compared with the conventional displacement element. Stress fields may be defined to be fully continuous, 

or in a piecewise sense with minimal continuity for equilibrium. Element connection variables may be defined to 

represent stress fields as stress functions, or traction distributions on element sides. A potential problem with these 

elements is the existence of spurious kinematic modes. One solution is to block such modes at the element level by 

appropriate assembly of elements into a "superelement". This is common practice in models of aeronautical structures 

with shear panels and stiffeners. In the modelling of structural continua families of elements have been proposed [2], 

e.g. quadrilateral elements formed by four triangles based on subdivision of the quadrilateral by its diagonals. This latter 

technique is generalised in this paper with an arbitrary subdivision into four triangles when quadratic stress fields are 

used. Conjugate force and displacement variables are taken to represent distributions of normal and tangential tractions 

and displacements along element sides.  These are shown in Figure 1, and are based on Legendre polynomials as 

defined in Table 1. 
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Figure 1: Superelement with modes of side traction and displacement.  Figure 2: Stress components for a triangle. 
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Table 1: Unit modes of normal and tangential traction and displacement for element of thickness t . 

2. SPURIOUS KINEMATIC MODES. 

 

2.1 Single element. 

There are twelve quadratic stress fields which are in equilibrium with zero body forces in plane stress. For a polygonal 

region "i " six modes of traction on each side are required to equilibrate with such internal stress fields. The 

independent side tractions { }
i

g  are given by the equation 

[ ] { } { }
iii ge =β  ,                                                                              (1) 

where { }
i

β  represents the independent stress fields. The dimensions of e
i
 are 15x12 and 21x12 for a triangle and 

quadrilateral respectively. Conjugate displacements { }
i

q  and deformations { }
i

δ  quantities are related by the 

contragredient transformation 
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Spurious kinematic modes are represented by displacements { }
i

q̂  which satisfy the homogeneous form of Equation (2). 

These displacements have no corresponding stresses or tractions. In the language of vector spaces , spurious kinematic 

modes belong to the nullspace of e
i

T
, and a basis for this space forms an orthogonal complement c e

i i
 to  , i.e. 

e c
i

T

i
= 0 .                                                                              (3) 

From the point of view of tractions, these are admissible when they can be derived from a { }
i

β . Thus admissible 

tractions must satisfy 
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ii
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ii

T

i ecgc β ,                                                         (4) 

and these equations represent generalised "release" conditions [10] for an element. The triangle and quadrilateral thus 

have 3 and 9 independent spurious kinematic modes/generalised releases respectively. Identification of these modes 

generally requires analysis of e
i
 , and may for example utilise singular value decomposition (SVD) which effectively  

enables the bases for { }
i

β  and { }
i

g  to be transformed so that e
i
 becomes diagonal. 

 

2.2 Assembly of elements 

When elements are assembled, spurious kinematic modes may propagate through the system. The consequences as 

regards admissible loads can be analysed in various ways. For a system of four triangular elements it appears "natural" 

to proceed with a force method as follows. Equilibrium equations for a "regular" model are formed as  

{ } [ ]{ } [ ]{ }
x1  60x       21x1  60x21       60x1

 

αα

pBLGg +=
,                                                                    (5) 

where { }g  contains the traction modes on all four elements, { }L  contains the independent traction loads on the 

bounding sides of the assembly, and { }p  contains α  parameters representing self-equilibrating tractions in the absence 

of loads. The columns of G  and B  contain particular and complementary solutions respectively. The term 

"regular" is applied when no element releases are assumed to be present. With quadratic traction modes the statical 

indeterminacy α  of the regular model is 15. The conjugate displacements { }q  are compatible if they satisfy 

[ ] { } { }0=qB
T

.                                                                             (6) 

Now, simultaneous spurious kinematic modes { }q̂  for the set of triangles can be written as 

{ } [ ]{ }
60x12          

ˆ sCq =
,                                                                               (7)  

where C  contains the submatrices c
i
 on its diagonal, and { }s  represents an arbitrary combination of modes for the 

separate triangles. However, for the assembled triangles these must be compatible, and { }s  must satisfy 

[ ]{ } { } [ ] [ ] [ ]CBMsM
T

==   where,0 .                                                  (8) 



Hence spurious kinematic modes exist in the system when the nullspace of M  is non-trivial. When releases are 

accounted for, admissible tractions must satisfy the homogeneous equations 

[ ] { } { } [ ] { } [ ] [ ]{ } { }0 ie. 0 =+= LGCpMgC
TTT

.                                        (9) 

Thus the statical indeterminacy of the system is reduced to ( )α − r  where r  is the rank of M . It is found that 

generally r is 12, ( )α − r  is 3, and no spurious kinematic modes exist. However in the particular case when diagonals 

are used to subdivide the quadrilateral, r  is 11, ( )α − r  is 4, and one spurious kinematic mode exists. This is 

restricted to the interfaces of the system, and consequently there are no constraints on the side tractions { }L . 

 

3. STRESS FIELDS AND A FLEXIBILITY MATRIX. 

The superelement is analysed with arbitrary subdivision, and SVD of M  is used to automate the analysis when the 

rank of M  is not fixed. Whence 
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where Σ1  contains the r  non zero singular values of M , and U1  has r  columns. Equation (9) is transformed to  
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where parameters { } [ ] { }pUp
T

= , and { }p  is partitioned into p p
T

1 2  where { }1p  has dimension r . Thus 

application of the complementary solution { } [ ]{ }11 pUp =  leads to an admissible particular solution { }0g  defined by 
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Admissible complementary solutions { }1g  are formed from { }2p  which has dimension ( )α − r  

{ } [ ]{ } [ ] [ ][ ]22

1   where, UBBpBg == .                                                 (13) 

Stress fields in each triangle are now uniquely defined from admissible tractions as functions of { }L  and { }2p , and 

these fields are denoted by 

{ } [ ]{ } { } [ ]{ }2

1100  and , pSLS == σσ .                                                     (14)                       

For a given set of loads, the stresses are still indeterminate, and are finalised by imposing weak compatibility conditions 

which also minimise the strain energy with respect to { }2p  
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where { } [ ]{ }εσ D= . These equations for { }2p  lead to the following form of the superelement flexibility matrix  
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4. SPECIAL RELATIONS FOR A TRIANGLE. 

The three sided nature of  triangular elements enables direct construction of some of the matrices involved in Sections 2 

and 3, in particular the spurious kinematic mode matrix C  and the stress recovery matrices S 0
 and S1

. Formally 

these depend on analyses of the matrices e
i
 for each triangle. However explicit formation of e

i
 is unnecessary. c

i
 

is obtained from three independent generalised release conditions by observing the following: at each corner normal and 

tangential stresses produced by tractions { }
i

g   must satisfy the equations of rotational equilibrium, e.g. 



( ) ( ) cotτ τ σ σ α13 12 13 12 0+ + − =                                                             (17) 

for corner 1 in Figure 2. In the pair of subscripts "ij ", "i " refers to a node, and " j " refers to the direction normal to a 

side of a triangle. For the purposes of stress recovery it is convenient to refer to six nodes of a triangle : three at the 

corners and three at midsides. Quadratic stress fields are then recovered from admissible tractions in two stages 

represented by 

{ } [ ][ ] { }
15x1 18x15 3x18           3x1 

iii
gPN=σ

                                                                     (18) 

where P
i
 recovers stresses at the six nodes, and N  interpolates with the standard quadratic shape functions for a 

triangle. Stresses at the corners are immediately obtained from the normal and tangential components as appear in 

Equation (17). However at the midside nodes normal and tangential tractions only provide two of the three components 

required. The third components at these three nodes  are determined by imposing the local equilibrium conditions that 

body forces normal to the sides, such as f63 in Figure 2, be zero. In this way the coefficients of P
i
 are all found 

explicitly. For the construction of P
i
, and the integrals in Equations(15) and (16) advantage is taken of local systems 

of axes and stress components peculiar to a triangle. These components are normal stresses in directions normal to the 

three sides of a triangle. This is a convenient variation on the "natural" stress components used by Argyris [11]. In this 

case the stress-strain matrix has the form 
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Integrations of coefficients in Equations(15) and (16) are carried out "exactly" and very simply using area coordinates 

for the stress fields { }
i

σ  . 

 

5. NUMERICAL RESULTS FOR A SUPERELEMENT. 

The geometry of an element is defined by 5 nodes, 4 corners and an internal node 5 common to all the triangles of the 

subdivision, see Figure 1. SVD of M  returns 12 singular values of which one may be theoretically zero. The 

threshold used for computed zero values was taken as 10 6− ×  maximum singular value. A zero singular value was then 

observed when node 5 was specified to be within about h × −10 6
 of the intersection of the diagonals, where the 

dimension h represents the size of the element.  

The formulation of the element response to tractions was tested by applying tractions consistent with statically and 

kinematically admissible stress fields to an arbitrarily shaped element, with node 5 in an arbitrary position. This is in the 

nature of a patch test, and the correct response was achieved. In particular a single element returns the correct solution 

for a rectangular cantilever beam loaded with parabolic shear as in Figure 3(a) [12].  Side displacements are shown 

diagrammatically in Figure 3(b) based on the displacement components in Table 2.  For side 4 components 

q q qn n t0 1 0, ,  and  are prescribed with zero values, whereas q qn t2 1 and  are computed to be zero. It should be noted 

that these displacements only give up to the quadratic components of the actual cubic displacements (the truth but not 

the whole truth!). The solution, being correct, is independent of the position of node 5. However for arbitrary tractions, 

the solution does depend on the position of node 5.  
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(a) Cantilever with parabolic shear modelled with one superelement.     (b) Diagrammatic view of side displacements, 

              discrete lines indicate quadratic forms 

returned Figure 3: Timoshenko's beam problem.           by the element flexibility matrix. 

 

 Conjugate     side     displacements ×103  

Side  qn0   qn1   qn2   qt0   qt1 qt2  

1  -49.9324  -0.5338  -0.0027  27.0193  0.1643  -0.0014  

2  0.0000  -0.6570  0.0000  124.5024  0.0000  0.0000  

3  49.9324  -0.5338  0.0027  27.0193  -0.1643  -0.0014  

4  0.0  0.0  0.0000  0.0  0.0000  -0.0014  

Note: suffices n t and  refer to normal and tangential modes respectively. 

Table 2: Side displacements of cantilever in Figure 3. 

 

This raises the question: what is its optimum position? To give quantitative information on this question, strain energies 

are compared due to single traction modes and those combinations of tractions which lead to maximum and minimum 

energies. The ratio of the latter two values (eigenvalues) give a condition number for a flexibility matrix. These are 

compared for the full matrix F , and for the (9x9) submatrix F bb
 which contains only those coefficients 

corresponding to  "basic" loads and displacements.  Traction modes or loads are termed "basic" for those with a 

resultant, and "higher order" for those which are self balancing along a side.  For flexibility matrices an element is 

assumed to be supported on the side between nodes 4 and 1, so that the basic loads on this side are not independent.  

From a number of examples studied it is generally observed that 

 

(a) strain energies due to basic loads, and the condition number of F bb
  are relatively insensitive to the position of  

node5. 

 

b)  strain energies due to higher order loads (particularly the  quadratic modes ), and the condition number of  F  are 

relatively sensitive to the position of node 5. 

 

c)  for the general parallelogram shape of element, the diagonals intersect at  the "isoparametric" centre, and the 

condition number of F  is minimum when  node 5 is positioned there. 

 

d)  for a distorted element with taper the intersection D of the diagonals  separates from the isoparametric centre, but the 

condition number of F  may reach a minimum with node 5 at neither of these positions. 

 



These points are illustrated with two examples in Figures 4(a) and (b) where variations of energies and condition 

numbers with the position of node 5 are shown on a log scale. The strain energies have been normalised to unity for 

node 5 at the isoparametric centre. It should also be noted that for the tapered element the graphs have points of 

singularity when node 5 occurs at D, which coincides with the presence of an internal spurious kinematic mode. 

 

 

         (a) Square element.         (b) Tapered element. 

         Note: elements are supported on the side between nodes 4 and 1. 

Figure 4: Element energies and condition numbers as functions of position of the internal node. 

 

6. CONCLUSIONS. 

1) It is considered that an efficient formulation of the superelement stress fields, and a flexibility matrix, have been 

achieved based on a force method of analysis. The element has no spurious kinematic modes EXCEPT when the 

internal subdivision uses the diagonals of the quadrilateral. This property appears to be the direct opposite to that used 

by Sander [2] for the original form of this element. However it remains true to say that when diagonals are used, the 

spurious mode is not excited by tractions applied to the sides of the element. 

 

2) The element returns the correct response to tractions, independently of its subdivision, when the response entails 

compatible quadratic stress fields without body forces. However solutions with high strain energies can occur when 

higher order traction modes are applied such as would produce singularities in analytic solutions. The level of energy is 

then sensitive to the geometry of the internal subdivision. Further research is necessary to determine the significance of 



such energies in multi-element models, which as equilibrium models provide upper bounds to total strain energies for 

force driven problems. This research should also address further the determination of optimum subdivision. It may yet 

emerge that diagonal subdivision is to be preferred. 
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