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‘p’-type or ‘h’-type Elements? 

Introduction 

The question that the title of this Technical Note poses is one that comes up fairly regularly in the 

finite element (FE) analyst community [1].  For the practicing engineer it is a question that can only 

really be answered by exploring the virtues of ‘p’-type elements in a finite element programme that 

includes these elements.  There are commercial codes available that are based on ‘p’-type elements 

such as Pro/Mechanica and there are others, such as ANSYS, that have included them in their 

essentially ‘h’-type element software but now consider them to be obsolete.  Finite element 

researchers often develop ‘p’-type elements and as RMA has experience in this field it was thought 

to be useful, particularly to those without access to one of these programmes, to present some 

results comparing ‘p’-type and ‘h’-type refinement for a practical engineering problem.  

A Convergence Study with ‘p’-type Elements 

The results presented use a hybrid-equilibrium plate-membrane element.  These elements differ 

from the standard conforming displacement element in the manner in which the solution is 

approximated; they use equilibrating stress fields as opposed to conforming displacement fields.  

The details of this element type may be found in references 2 and 3 but for the purposes of this note 

they may simply be considered as a ‘p’-type membrane element. 

The problem to be considered is that of a membrane with a crack of infinitesimal width and is shown 

in figure 1. 

 

 

Figure 1:  Geometry, Static Boundary Conditions and Meshes for the Crack Problem 
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The extent of the crack is illustrated by the thick line and the boundary tractions are evaluated from 

the following stress field which is both statically and kinematically admissible i.e. it is a closed-form 

solution for the problem and has been plotted in figure 2. 

 

Symmetry (kinematic) boundary conditions are applied to the line of symmetry and for a Young’s 

Modulus of 210N/m
2
, Poisson’s Ratio of 0.3 and material thickness of 0.1m and using a plane-stress 

constitutive relation the strain energy U for the symmetric half shown is 62.442963Nm. 

The convergence study looks at four meshes (figure 1) and for elements with degree of (statically 

admissible) stress field from 1 (constant) to 10.  The finite element strain energies are presented in 

table 1.  It is interesting to note that the finite element strain energy values are all greater than the 

exact value.  This is a characteristic of the element type being used (equilibrium) and the manner in 

which it is loaded (force-driven).  In contrast to this a force-driven displacement element will 

produce strain energy values less than the exact value; for Mesh 4 the standard eight-noded 

displacement element produced a strain energy of 61.056022Nm. 

 

Table 1:  Finite Element Strain Energies for the Crack Problem 
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Figure 2: Contours for Closed-Form Solution (Two Contour Ranges Shown) 
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Figure 3: Convergence of the Error in Finite Element Strain Energy against Number of DOF 

 

The error in the finite element strain energies is plotted in figure 3 against the number of degrees of 

freedom (dof); the graph uses logarithmic scales.  In this figure lines have been added representing 

‘h’-type and ‘p’-type refinement starting from Mesh 1 with p=1 (constant stress fields).  The 

important point to note here, and the reason why ‘p’-type elements are considered so attractive, is 

that the rate of convergence for ‘p’-type refinement is significantly greater than for ‘h’-type 

refinement.  Another way of expressing the virtue of ‘p’-type refinement is to take a horizontal line 

in the figure, which represents constant error, and compare the number of DOF required for the two 

methods of refinement.  For the horizontal line in figure 3, which represents a unit error, the 

number of dof required for the two methods of refinement are less than 100 (Mesh 1, p=5) and 

greater than 1000 (Mesh 4, p=1), i.e. the number of dof for similar error is an order of magnitude 

more when using ‘h’-type refinement! 

To illustrate the convergence of the stresses for this problem the shear stress for a number of finite 

element models is shown in figure 4.  Although ‘p’-type refinement has a faster convergence rate, it 

is of interest to consider qualitatively the stress fields obtained in the four meshes for the same 

energy of the error.  Figure 5 shows the shear stress for the four meshes with near unit error.  It 

appears that the continuity and quality of the shear stress does improve with the number of dof 

achieved with ‘h’-type refinement, i.e. a mixture of ‘p’-type and ‘h’-type refinement might be 

optimal. 
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Figure 4: Contours of Shear Stress for Finite Element Models 

 

Figure 5: Contours of Shear Stress for Similar Errors in Strain Energy 

The displaced shapes for the finite element models are compared in figure 6.  Note that whilst 

hybrid-equilibrium elements satisfy equilibrium in a strong sense, the edge displacements are not 

continuous at the vertices.  The discontinuities in vertex displacement are seen in the figure but 

converge (get smaller) as the mesh is refined. 
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Figure 6: Displaced Shapes for Finite Element Models 

Closure 

This Technical Note has recycled some previously generated results to demonstrate the potential 

virtues of using a ‘p’-type element.  The original question that prompted the preparation of this note 

questioned the reasoning behind the two methods of refinement.  Whilst the results for ‘p’-type 

elements are shown to be impressive, it must be remembered that, in general, a mixture of ‘p’ and 

‘h’-type refinement will be optimal – consider the case of stress concentrations where more 

elements, ‘h’-type refinement, and higher-degree elements, ‘p’-type refinement, will be required 

around the concentration – e.g. as in figure 5.   
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