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Summary. Strategies for sub-modelling with hybrid equilibrium plate elements of varying
degree are outlined from a practical engineering point of view. Possible types of boundary
condition which can be transferred to a sub-domain are considered, and the use of codiffusive
tractionsisillustrated for a stress concentration problem.

1 INTRODUCTION

In dructurd finite dement andyds, a rdatively coarse globd finite dement modd may be
initidly designed and andysed in order to capture the main festures of dructurd behaviour.
Quantities of interest, such as concentrations of stress-resultants at a particular geometrical
feature, may then be obtained with grester accuracy by anaysing a refined submodd with
boundary conditions transferred from the globd modell. This submoddling srategy is
motivated by various factors, eg. to smplify complex modds into ones with limited numbers
of degrees of freedom, and to reduce the potentia for ill-conditioning. Other Strategies with
amilar motivations have been proposed, eg. usng substructures in a finite dement tearing
and interconnecting (FETI) method?.

Various combinaions of finite dement models and interface boundary conditions can exist
for a submodelling Srategy. For example discretisations W and W of the complete domain
and a paticdar subdoman of interet can be of the conforming and/or equilibrating type,
with boundary conditions involving displacements and/or tractions trandferred dong an
interface which may or may not coincide with the mesh lines of the globd modd. The trandfer
is represented by the map e in Equation (1), and is shown diagrammaticdly in Figure 1,
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where f denotes excitations, in the form of tractions and/or displacements, applied to the
interface. In the case of conventiona conforming models e can be defined by interpolating
displacements from global nodes to those of the submode, e.g.using master-slave concepts’.
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Figure 1: Globa model and a submodel. Figure 2: Subdivision of ahybrid element

When W is formed from hybrid equilibrium dements’, f can be defined soldy by tractions
when Ws is a subdivison of W on the interface and equilibrating tractions are derived from
noda forces. On the other hand when both W and Ws are formed from hybrid equilibrium
eements f can be defined by tractions which maintain drict satical admissbility when Ws is a
subdivison of W on the interface, and by tractions with controllable datical inadmissibilities
in the more generd case when the interface is formed by an arbitrary “cut” chosen by the
engineer. The remainder of this pgper condders only the use of hybrid equilibrium eements
in the context of plate problems.

2 HYBRID EQUILIBRIUM ELEMENTS

The hybrid type of equilibrium dement is illusrated in Fgure 2. It has an inherent
subdivison into primitive triangular subdomains so as to diminate or control the existence of
spurious kinemetic modes. Internd dtress fidds s of degree p are defined to be daticdly
admissble though semi-continuous. A bads for edge displacement fidds u is defined
independently for each edge as complete Legendre polynomias up to degree p. The dud basis
for edge tractionst is defined by the same polynomias with appropriate scding, i.e.
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u=Vv; t =Gg;where G=V.S and S_QG/ Vdeu %)
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The discretisations of the interface will be assumed to involve draight edges, whilst the
externa boundary of W may include curved edges in a smila way as for isoparametric
conforming eements.

3 SUBDOMAIN BOUNDARY CONDITIONS
On the edges of a subdomain, tractions are gpplied as modes g defined by Equation (3).
g= ¢y 'tde €

edge
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where t denotes tractions from W. Strong equilibrium is maintained with co-diffusve
tractions when Ws subdivides W on the interface and the loca degree of Ws 3 degree of W.
Reaxation of co-diffusvity may be conddered when (@) it is sufficient, by apped to the
principle of St Venant, to trandfer only the basic modes of edge traction which represent the
resultants, or (b) Ws doesn't subdivide W, eg. when the interface is formed by an arbitrary cut

through dements of W. In this case discontinuities are to be expected in t dong an edge of
W,

4 NUMERICAL EXAMPLE

4.1 A classical problem with practical significance

A classcd problem gppropriate for the study of sub-modeling is tha of the plate-membrane
with a circular hole.  The hole concentrates the stress and the am is to obtain an accurate
prediction of this pesk dress.  This problem characterises much of the andysis conducted in
the fidd of practicd mechanicd enginering where, typicdly, such pesk dresses limit the
fatigue life, high and/or low-cycle, of a component. If modelled correctly this problem has an
andytica solution with which the FE results may be compared. Correct moddling requires
that the boundary conditions be derived from the andyticd dress fidd for the particular
geometry of the FE modd. The andytica sressfiddisgiven as
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where r and q are polar postion ordinates, a is the hole radius and s, is the (uniform) vaue
of s, a r =¥ . The FE modd used for this problem utilises symmetry by modeling only a
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(@) Domain and meshW (b) Analytical stress concentration factor = 3.0
Figure 2: Finite element model and analytical stresssy field in asubdomain
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quarter of the plate which is desgnated as the domain and the FE mesh W is shown in Figure
2(a). W congsts of six dements with a biasing towards point A where the stress concentration

factor (scf) is sought. The curved boundary is modelled by three piecewise quadratic edges
defined with end and midpoints on the circular arc. Convergence of the scf is illudrated in

Figure 3when Ws is arefinement of the Sngle dement of W shown in Figure 2.
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Figure 3: Convergence of the scf for sy, psisthe degree, histhelevel of h-refinement

5 CONCLUSIONS

- Submodelling drategies have been outlined for use with p-type hybrid equilibrium
edements in the context of modeing plaies in which boundary conditions ae
transferred as tractions.

- Boundary tractions may be codiffusve and lead to the preservation of daicdly
admissble solutions within a subdomain. However inherent errors in these tractions
imply that solutions will not necessarily converge to correct vaues of quantities of
interest.

- Condderable freedom is avalable to the engineer in specifying an interface for a
subdomain and its discretisation. Various options present themsdves for  the
relaxation of the use of drictly codiffusve tractions, and these need to be
investigated further for their effectiveness,
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